Periodicity is ubiquitous in nature. In this work, we analyze the dynamical reasons for which periodic windows, that appear in parameter space diagrams, have different shapes and structures. For that, we make use of a dynamical quantity, called spine -the skeleton of the window, in order to explain a conjecture that describes the presence of periodic windows in the parameter space of high-dimensional chaotic systems.
Periodicity is one of the most studied and common features in a nonlinear dynamical system and, at the same time, it is one of the least understood of the dynamical behaviors. It took much work to understand that the periodic windows are dense [Jacobson, 1981] in the parameter space of the quadratic one-dimensional map and that the set of parameter values that lead to chaotic behavior has positive measure [Graczyk &Światek, 1997] . In addition, it was established that the periodic windows have a global scaling behavior [Yorke et al., 1985; Grebogi et al., 1994] . If one now takes the Hénon map, which is the invertible two-dimensional extension of the quadratic map, the periodic behavior also occurs in sets in the parameter space, like the windows, called shrimps [Gallas, 1993 [Gallas, , 1994 Baptista & Caldas, 1997] , which are embedded in the midst of parameters for which chaos occurs and they also have a global scaling behavior [Hunt et al., 1999] . It was further elucidated that these shrimp structures are found at nilpotent points, at which the determinant and the trace of the Jacobian matrix of the map are both zero [Barreto et al., 1997] . This work is along those lines, but considering higher dimensional systems with a higher dimensional parameter space. To analyze the structures in parameter space in which periodicity occurs, we make use of the concept of a spine -a set about which the periodic structure occurs.
Windows are regions in the parameter space that lead to stable periodic behavior. These are found to be built around spines, which are a heuristic construct closely related to nilpotent loci. In addition, the large-scale topological structures of windows are apparently related and determined not by nilpotent loci, but by spines. Although the dimension of the nilpotent locus is fixed for the entire parameter space, the dimension of spines varies from one region to another. The authors of [Barreto et al., 1997] conjectured that in regions of parameter space dominated by chaos with k positive Lyapunov exponents, the spines have an effective codimension k, what in practice means that to find a periodic window mounted on a codimension-k spine, only k accessible parameters are needed to be changed. Our analysis herewith allows us to clarify the relationship between spines and nilpotent loci.
Most chaotic systems discussed in the scientific literature are almost certainly fragile [Barreto et al., 1997] in the sense that a slight alteration applied to a large number D p of parameters will destroy the chaos and replace it by a stable periodic orbit. If one considers a fragile D s -dimensional map, then one can write down D s equations that must be satisfied in order for stable periodic behavior to occur. These equations lead naturally to the concept of a nilpotent locus of dimension
space, where those equations are satisfied. For instance, the Hénon map is a two-dimensional map (D s = 2) having two parameters (D p = 2). Therefore, D N = 0, the nilpotent loci have dimension zero. The shrimps [Hunt et al., 1999] are structures built about these points.
To make these ideas explicit, we consider a twodimensional map. The formalism, however, can be easily extended to d dimensions. A period q orbit is asymptotically stable if |λ i | < 1, i = 1, 2, where the λ's are the eigenvalues of M, the Jacobian matrix of the q-times iterated map: M = DF q (x) = DF(x q ) · DF(x q−1 ) · . . . · DF(x 1 ). We recast the stability conditions in terms of the trace T = λ 1 + λ 2 and determinant D = λ 1 λ 2 of M. The stability of q implies that these numbers fall within a triangular region in D versus T space, shown in Fig. 1 . We refer to this region as the stability triangle [Barreto et al., 1997] , and refer to the point D = T = 0 (or equivalently, λ 1 = λ 2 = 0) as the nilpotent point.
Every parameter space point that leads to a stable orbit corresponds to a particular point within the stability triangle. Thus, we can assign colors to the stability triangle as in Fig. 1 and we ascribe color to the corresponding parameter space point accordingly. This procedure allows one to visualize the internal structure of a window, and permits the easy identification of nilpotent points. The axis segments D = 0 and T = 0 within the stability triangle correspond to curves in the parameter space where a specific pair of colors meet. We label these curves as indicated in the Fig. 1 
note that the curve D + T 0 only occurs for complex eigenvalues). The map ξ from the stability triangle to the parameter space is of course not known analytically, but we assume that it preserves the local topology. Thus, nilpotent points occur where
or equivalently, where all the colors come together. This formalism is quite general and does not depend on the particular system being studied.
We now consider the following three-parameter system made up of two coupled circle maps:
with fixed W 1 = W 2 = 0.5, initial conditions θ 0 = 0.1, φ 0 = 0.2, and the coupling parameter ε 3 = 0.
The circle map has a long history as a paradign for the study of periodicity in nonlinear dynamical systems [Arnold, 1983] . We construct two-dimensional sections in the three-dimensional parameter space using ε 1 , ε 2 , and the coupling parameter ε 3 . The parameter space has four regions of interest, characterized by the two Lyapunov exponents l 1 and l 2 : two-dimensional chaos (l 1 , l 2 > 0), area-expanding chaos (l 1 > 0, l 2 < 0 with l 1 + l 2 > 0), areacontracting chaos (l 1 > 0, l 2 < 0, with l 1 + l 2 < 0), and periodic motion (l 1 , l 2 < 0). Initially, we analyze windows surrounded by area contracting lowdimensional chaos, called shrimps [Gallas, 1993 [Gallas, , 1994 Baptista & Caldas, 1997] . Figure 2 (a) shows a shrimp surrounded by a region (white) of areacontracting chaos (l 1 + l 2 < 0). The nilpotent point is where the colors meet. As a matter of fact, there are two nilpotent points in this figure whose neighboring region in this diagram respect the topology of the one in Fig. 1 . Shrimps in high-rate area-contracting chaos appear not to exhibit regions of yellow and magenta, these are due to imaginary eigenvalues. As a result, there seems to be a black/green border which clearly cannot exist. Detailed exploration of the region in the vicinity of this border reveals that the D + T 0 curve, i.e. the yellow/magenta border, is indeed present, but is very difficult to observe bacause of numerical problems. The reason for us not to be able to detect numerically the imaginary eigenvalues can be understood as follows. The characteristic equation of M = DF q (x) is λ 2 −T λ+D = 0, where D and T are the determinant and trace of M, respectively. In order to observe complex conjugate eigenvalues, we must have T 2 − 4D < 0, and hence |T | < 4|D|. But since, in this parameter space region, the map is asymptotically area-contracting, we have |det(DF)| < 1, on average, over the course of a trajectory. Then, for a periodic orbit we have sufficiently large q. In fact, D is of the order of our floating precision, and so, whenever we would have |T | < 4|D|, numerically we observe |T | = 4|D| what makes the eigenvalues to be artificially real, and not imaginary, even for a moderately large value of q.
There are shrimps in area-contracting chaos that typically present regions of yellow and magenta, as they should be. In that case, the shrimp is surrounded by a very low-rate area contracting chaos. In the tails of the shrimp of Fig. 2(a) , the regions of three different colors squeeze together. So, regions of blue and red (curve T 0 D − ), red and black (curve D 0 T + ) get very close to each other, as well as regions of the colors blue and green (curve D 0 T − ), and green and black (curve T 0 D + ) in the top tail of the shrimp. These remarks mean that parameters along the borders of colors, in the tails, produce attractors whose D and T along the periodic orbit are close to zero. Thus, the convergence of trajectories to the periodic orbit is similar to the convergence when the system is in the nilpotent loci. This fact motivated the creation of the concept of spine to describe these convergent regions, which, in this case, is defined to be of codimension one (a curve) in the parameter space. In fact, for onedimensional systems analyzed in two-dimensional parameter spaces, the locus of nilpotent loci is actually the super-stable curve. However, for the shrimp of Fig. 2(a) , the only super-stable structure present are the two nilpotent points, and the description of these convergent regions by a codimension-two spine needs further refinement, as argued next.
In order to clarify the relationship between spines and nilpotent loci, we assume that the parameter space diagram [e.g. Fig. 2(a) ] is topologically conjugate to what we call the DT diagram, shown in Fig. 1 . While the parameter space diagram is a space whose coordinates represent some parameters, the DT diagram is a space whose coordinates represent the values of D and T , for a set of parameters that represent the periodic attractor of some periodic window in the parameter space diagram. The equivalence of the topology of both spaces are given by some function ξ . Even though, a spine is a heuristic construction, it is a very useful tool because it effectively describes the geometry of the window, information important to know in order to find out when one should expect to find that periodic oscillation.
The DT diagram for the regions of Fig. 2(a) , which have a period-26 attractor (the major part of the shrimp), is a stability triangle squeezed along the T axis, meaning that the values of D are extremely close to zero, as one can see in Fig. 2(b) . Whatever are the parameters responsible for the shrimp, most of the D and T values in this DT space can be represented by a parametric dimension-one function, D = 0. Thus, the only effective curves that represent stability of the orbit are given by D 0 T + and D 0 T − . Exactly like one-dimensional systems, where there are only two classes of eigenvalues that characterize the type of stability, λ > 0, and λ < 0, the shrimp of Fig. 2(a) has also only two classes of possible eigenvalues. The ones that make T > 0, and the ones that make T < 0 (the D s = 2 equations that must be satisfied in order to have an stable orbit, can be approximately well described by only one equation). The consequence is that for every nilpotent point η 1 located in the (ε 1 , ε 2 ) coordinates of the parameter space diagram, there must be an arbitrarily close point η 2 located in a set of different parameters (ε 1 + δ 1 , ε 2 + δ 2 ) where the orbit has effectively D ≈ 0 and T ≈ 0. So, as δ 1 and δ 2 can be made arbitrarily small, we can say there is a codimension-one curve joining the points η 1 and η 2 , and therefore, we have a codimension-one curve with the same properties of the super-stable curve. This is the reason for having a black-green border in Fig. 2(a) . To visualize the spine, we consider that the colors black and red, and the colors, blue and green represent the same thing (once D ≈ 0). So, the spine of the shrimp of Fig. 2(a) can be seen in Fig. 2(b) as the borders between the colors. A consequence of having a window mounted on a codimension-one spine is that we can always find a way to make large changes in parameters, without breaking the orbit stability. So, we say that these windows are extended, meaning that they have large scale dimensions in the parameter space. Another consequence is that these types of windows can be found with the variation of only one parameter.
Shrimps are also present in area-expanding chaos. Although very similar in shape to the shrimp of Fig. 2(a) , these shrimps can present a more complex geometrical structure. At first glance, these shrimps are fatter in parameter space, as shown in Fig. 3(a) . Analyzing the corresponding DT diagram in Fig. 3(b) , the situation is different from the latter case of area-contracting. This shrimp presents D values within a finite but small size interval. A way to understand the DT diagrams of these fat shrimps, is by assuming that the D and T values are such that they fall within a finite width strip whose orientation depends on whether the shrimp is surrounded by low-rate or moderate-rate areaexpanding chaos. The shrimp of Fig. 3(a) has a low-rate area-expanding chaos in its surroundings. So, the strip has small width, responsible for the appearance of the yellow and magenta colors, and horizontal orientation, responsible for the appearance of a pair of nilpotent points. For the shrimps present in the moderate-rate area-expanding chaos, the strip can be arbitrarily oriented and the larger is the rate of area-expanding chaos, the larger the width of the strip.
There can also exist parameter regions of lowerperiod periodic attractors within shrimps that have no nilpotent points. However, as we inspect parameter regions of higher-period periodic attractors of the same shrimp, the nilpotent point will eventually show up. For shrimps surrounded by high-rate area-expanding chaos, the strip "inflates", and a metamorphosis happens in this type of windows. The shrimp loses its characteristic of extended window and the tails of the shrimp disappear. In fact, these shrimps are located close to regions of higher-dimensional chaos, which makes them behave like the windows surrounded by higherdimensional chaos that we shall present further.
What we have been calling strips on the DT diagrams are actually an approximate parametric function of D and T . When the rate of areaexpanding chaos is small, the shrimps behave as the ones seen in area-contracting lower-dimensional chaos, i.e. the shrimps are extended windows. For moderate area-expanding chaos, there is an approximate dimension-one parameterization of the D and T values in the DT space, oriented according to the rate of area-expanding chaos. Whatever are the parameters responsible for the shrimp, they create orbits that have D ≈ αT + β. For shrimps in area-contracting chaos, where α is very small, stability is approximately characterized by positive or negative T . Positive T are represented by the colors black, red and magenta, and negative T are represented by the colors yellow, green and blue. So, in this case, the spine can be visualized as the border of these two groups of colors. This dimension-one parameterization in the DT space is not possible when the rate of area-expanding chaos is high. In that case, the parametric function needs to have dimension two, due to the fact that to localize all the values of D and T in the DT space of these shrimps, it is necessary to specify both D and T values separately. For those windows, the pair of nilpotent points is always present in parameter space diagrams and it is actually the codimensiontwo spine. For this case, as for windows of higherdimensional chaos, nilpotent points cannot be found arbitrarily close to any other nilpotent point, if the topology of the stability triangle is to be respected.
In Fig. 4 , we show a window that is surrounded mainly by a region of higher-dimensional chaos. In this window, pair of nilpotent points are always found and they are associated with a codimension-two spine. A consequence of having windows mounted on a codimension-two spine is that these windows are limited, which means that they have small scales in parameter space, and small parameter changes might destroy the stability of the periodic orbit. Another consequence is that these types of windows are found by changing two parameters. The reason for the nilpotent points to appear in pairs, in all the windows shown, is a consequence of the way nilpotent points bifurcate in parameter space. This transition, which can be understood by the crossing of the lines D 0 T σ with T 0 D σ , needs to respect the topology of the stability triangle. The result is always one nilpotent point bifurcating in a pair of nilpotent points.
We conclude by saying that, even though nilpotent points are present in periodic windows, the spines are the structures responsible for a general description of the geometry of all periodic windows that appear in parameter space diagrams.
